Inextensional vibration of zig-zag single-walled carbon nanotubes using nonlocal elasticity theories  by Das, Sovan Lal et al.
International Journal of Solids and Structures 50 (2013) 2792–2797Contents lists available at SciVerse ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rInextensional vibration of zig-zag single-walled carbon nanotubes using
nonlocal elasticity theories0020-7683/$ - see front matter  2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.ijsolstr.2013.04.019
⇑ Corresponding author. Tel.: +91 5122596110.
E-mail address: ssgupta@iitk.ac.in (S.S. Gupta).Sovan Lal Das, Tanmay Mandal, S.S. Gupta ⇑
Mechanics and Applied Mathematics Group, Department of Mechanical Engineering, Indian Institute of Technology Kanpur, Kanpur 208016, India
a r t i c l e i n f o a b s t r a c tArticle history:
Received 10 August 2012
Received in revised form 21 February 2013
Available online 9 May 2013
Keywords:
Rayleigh and Love modes of vibration
Single-walled carbon nanotube
Nonlocal elasticity
Stress gradient theory
Strain gradient theories
Nonlocal parameter
Molecular mechanics simulationsWe study inextensional vibrations of zig-zag single-walled carbon nanotubes using nonlocal elasticity
theories and molecular mechanics simulations employing MM3 potential. We ﬁnd that the frequency
expressions for the Rayleigh and Love modes of inextensional vibrations, predicted by the stress and
strain gradient theories, differ from the classical continuum theory expressions by a multiplicative factor
only. The factor is different for stress and strain gradient theories. We also observe that the strain gradi-
ent theory with positive sign exhibits a saturation-like behavior of the inextensional mode frequency with
the circumferential wave number. Using this fact and molecular mechanics simulation data we derive an
expression for the nonlocal parameter.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
After the discovery of single-walled carbon nanotubes
(SWCNTs) (Iijima and Ichihashi, 1993) many researchers have used
the classical continuum theory based thin shell models to charac-
terize their mechanical properties and behavior (Yakobson et al.,
1996; Pantano et al., 2004; Sears and Batra, 2004; Wang et al.,
2004; Zhang et al., 2005; Guo et al., 2006; Wang and Zhang,
2008; Gupta et al., 2010; Silvestre et al., 2011). The radius and
the length in the thin shell model have been considered to be the
mean radius and length of the SWCNT. The thickness of the shell
is either assumed (Wang et al., 2004; Robertson et al., 1992;
Hernández et al., 1998; Lier et al., 2000; Sanchez-Portal et al.,
1999; Guo et al., 2006) to be approximately 0.34 nm, the inter-
layer separation in bulk graphite, or computed (Yakobson et al.,
1996; Pantano et al., 2004; Sears and Batra, 2004; Gupta et al.,
2010; Wang et al., 2005; Xin et al., 2000; Tu and Ou-Yang, 2002)
by matching various modes of deformations obtained from molec-
ular simulations/experiments with those of a thin shell. It is also
noted that the static deformation of SWCNTs has been studied
using a membrane model by incorporating a modiﬁed Cauchy–
Born rule (Arroyo and Belytschko, 2002). This model does not
require estimation of the wall thickness of the SWCNTs. Further,
a SWCNT can be thought of as a rolled graphene sheet. The graph-
ene lattice has sixfold symmetry in its basal plane therefore, thematerial for the shell model of SWCNTs is assumed to be isotropic
(Lee et al., 2008). Often, these models of SWCNTs are termed as
equivalent continuum structures (ECSs). The shell models based
on continuum theory are computationally efﬁcient compared to
atomistic models to study deformations of SWCNTs. However,
the ECSs based on classical continuum theory can not predict the
true dispersion relation in carbon nanotubes (Chen et al., 2004).
It is shown by Chen et al. (2004) that a dynamic equivalence be-
tween the crystal lattices and their continuum analogue is possible
through nonlocal elasticity models. The nonlocal elasticity theories
are capable of accounting for long range inter-atomic interactions
in the form of a size dependent parameter which renders the con-
stitutive model a partial differential equation unlike classical
Hooke’s law in which the relationship between stresses and strains
is algebraic.
The most popular nonlocal constitutive models employed to
study deformations of carbon nanotubes (CNTs) have two different
forms. The one due to Eringen (1983): ½1 ðe0aÞ2$2T ¼ Ce, where
e0; a; r2; T; C and e are the nonlocal parameter, lattice parame-
ter, Laplacian operator, nonlocal stress tensor, elasticity tensor
and strain tensor, respectively. The other form is known as the
strain gradient model (Mindlin and Eshel, 1986; Aifantis, 1999;
Askes et al., 2002; Peddieson et al., 2003): T ¼ C½1 ðe0aÞ2$2e. If
e0 is set equal to zero, one recovers the classical Hooke’s law in
both the cases. Choosing positive or negative sign in the strain gra-
dient model leads to signiﬁcant change in the dynamic behavior of
the ECS of a SWCNT. For example, Shi et al. (2009b) found that for a
given SWCNT and for the positive sign the radial breathing mode
Fig. 1. Schematic of the ECS of a SWCNT (half length) showing the coordinate
system and the mid-surface displacements. The SWCNT spans from x = -L to +L.
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when the negative sign was considered. It has also been observed
that the strain gradient model with positive sign predicts fre-
quency and dispersion behavior that agrees with experiments
and crystal lattice model (Papargyri-Beskou et al., 2009). However,
it exhibits dynamic/thermodynamic instabilities, whereas the one
with negative sign is stable (Askes and Aifantis, 2011; Maranganti
and Sharma, 2007). The nonlocal elasticity based shell models have
been used extensively to investigate dynamic behavior of SWCNTs
and multi-walled carbon nanotubes (Wang et al., 2006, 2012;
Wang and Varadan, 2007; Hu et al., 2008; Shi et al., 2009a; Arash
and Ansari, 2010; Fazelzadeh and Ghavanloo, 2012). Table 1 sum-
marizes the salient features of a few such studies.
In the absence of traction and displacement boundary conditions
a thin shell made of a linearly elastic, homogeneous and isotropic
material exhibits Rayleigh and Love inextensional modes of vibra-
tion (Love, 1927). In the similar scenario, molecular mechanics
(MM) simulations on SWCNTs also predict Rayleigh and Love inex-
tensional modes in the eigenspectrum (Gupta et al., 2010). In the
present study, we derive the frequency expressions for the Rayleigh
and Love inextensional modes of vibration in an ECS of a SWCNT
using nonlocal elasticity. The material of a SWCNT and, hence, that
of the ECS is assumed to be linearly elastic, homogeneous and iso-
tropic. The rest of the paper is organized as follows. In Section 2,
we brieﬂy discuss the kinematics of inextensional modes in a thin
cylindrical shell. In Section 3, we ﬁrst outline the derivation of Ray-
leigh and Lovemode frequency expressions using classical elasticity
and subsequently, we obtain the frequency expressions using the
two forms of nonlocal elasticity theories. We compare the behavior
of the frequency of the inextensional modes for various continuum
theories andMM simulation in Section 4. Further, in this section we
derive an expression for the nonlocal parameter. In Section 5, we
present conclusions from our ﬁndings.
2. Inextensional deformation of a thin cylindrical shell
The displacements of a material point on the middle surface of
the cylindrical shell in axial, circumferential and radial directions
are u; v and w, respectively (see Fig. 1). For a cylindrical shell,
the strain–displacement relations at a generic point, according to
Flügge shell theory (Blevins, 1979), are
xx ¼ @u
@x
þ z @
2w
@x2
; ð1Þ
hh ¼ 1R
@v
@h
w
 
þ z
R2
@2w
@h2
þw
 !
ð2ÞTable 1
Summary of some of the literature based on nonlocal continuum theories.
Research groups Nonlocal model/Shell theory Contributions
Wang et al. (2006) Strain gradient (þ sign) Compared longitudinal wave
potential)
Wang and Varadan
(2007)
Eringen’s/Flügge shell Wave propagation (longitudi
parameters
Hu et al. (2008) Eringen’s/Flügge shell Compared wave propagation
generation REBO Potential). D
Narendar et al. (2011) Eringen’s/Molecular
structural mechanics
Studied wave propagation (lo
and Eringen’s nonlocal theor
Shi et al. (2009a) Strain gradient ( sign)/
Goodier–McIvor shell
Studied transition from radia
and study of ECS of a SWCNT
Arash and Ansari
(2010)
Eringen’s/Shear deformable
shell
Comparison of frequency of f
available MD simulations. Di
Fazelzadeh and
Ghavanloo (2012)
Eringen’s/Flügge shell Studied wave propagation (lo
parameters and aspect ratios
Wang et al. (2012) Eringen’s/Donnell shell Studied wave propagation (lo
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In case of inextensional deformation of the cylindrical shell, the
middle surface (z ¼ 0) strains are zero. Thus, we have the relations,
@u
@x
¼ 0; @v
@h
w ¼ 0; and 1
R
@u
@h
þ @v
@x
¼ 0: ð4Þ
The following general solution (Love, 1927) satisﬁes the relations in
Eq. (4)
u ¼ 
X1
n¼2
R
n
Bn sinðnhÞ; ð5Þ
v ¼
X1
n¼2
½An cosðnhÞ þ Bnx cosðnhÞ; ð6Þ
w ¼ 
X1
n¼2
n½An sinðnhÞ þ Bnx sinðnhÞ; ð7Þ
where An and Bn denote amplitudes and n is the circumferential
mode number. Note that the inextensional modes correspond to
nP 2. In the case of vibration of the cylindrical shell the displace-
ments are harmonic functions of time. Accordingly, we consider
An and Bn to be harmonic functions of time. The strain terms are
now expressed using Eq. (4) as,
xx ¼ z @
2w
@x2
 zj1; hh ¼ 2
R2
@2w
@h2
þw
 !
 zj2 ð8Þpropagation in nonlocal ECSs with that from MD simulations (Tersoff–Brenner
nal and circumferential) in nonlocal ECS for different values of nonlocal
(transverse and torsional) in nonlocal ECSs with that from MD simulations (2nd
ifferent values of e0 found for different mode of deformations
ngitudinal and torsional) using a combination of molecular structural mechanics
y. The parameter e0 was found to be dependent on diameter of tube and mode
l breathing mode to circumferential mode: MD simulations (COMPASS force ﬁeld)
undamental mode of ECS for different boundary conditions and comparison with
fferent values of e0 were considered
ngitudinal and circumferential) in nonlocal ECS for different values of nonlocal
ngitudinal and circumferential) in nonlocal ECS for different values of nonlocal
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where j1 and j2 represent changes in curvature, and s represent
change in torsion. Also Eq. (7) shows that w varies linearly with x.
Thus, j1 ¼ 0, which implies xx ¼ 0 for inextensional deformation.3. Frequencies of inextensional modes
3.1. Classical elasticity
For completeness, we ﬁrst present the detailed calculations for
obtaining the expressions for the frequencies of inextensional
vibration using classical (local) elasticity theory. Considering plane
stress condition, due to thin shell assumptions, the stress compo-
nents for a linearly elastic and isotropic material are expressed as
rxx ¼ E1 m2 mzj2; rhh ¼
E
1 m2 zj2; rxh ¼
E
1þ m zs; ð10Þ
where E and m are the Young’s modulus and the Poisson’s ratio,
respectively. Therefore, the strain energy density (Wl) can be writ-
ten as
Wl ¼ 1
2
rxxxx þ rhhhh þ rxhxhð Þ ¼ 12
Ez2
1 m2 j
2
2 þ 2ð1 mÞs2
 
;
with the superscript ‘‘l’’ denoting local theory. The corresponding
total strain energy (U l) for the shell is
U l ¼
Z L
L
Z 2p
0
Z h=2
h=2
Wldz rdhdx
¼
Z L
L
Z 2p
0
1
2
D j22 þ 2ð1 mÞs2
 
rdhdx; ð11Þ
where D ¼ Eh3=12ð1 m2Þ is the ﬂexural rigidity of the shell. Upon
substituting relations (8) and (9) for curvatures and torsion into
Eq. (11) and, subsequently, using Eqs. (5)–(7) we get
U l ¼ pDL
X1
n¼2
ðn2  1Þ2
R3
n2A2n þ
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3
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 !
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" #
: ð12Þ
The kinetic energy of the shell is
T l ¼
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0
qh
2
@u
@t
 2
þ @v
@t
 2
þ @w
@t
 2" #
rdhdx
¼ pqRLh
X1
n¼2
ð1þ n2Þ dAn
dt
 2
þ R
2
n2
þ 1þ n
2
3
L2
 !
dBn
dt
 2" #
:
ð13Þ
In Rayleigh mode of vibration the generator line of a cylinder re-
mains parallel to its long axis without undergoing any deformation.
In such case, the displacement components u; v , and w for the nth
circumferential mode are obtained by setting Bn ¼ 0 (Blevins, 1979;
Love, 1927),
u ¼ 0; v ¼ an sinðnxtÞ cosðnhÞ;
w ¼ nan sinðnxtÞ sinðnhÞ: ð14Þ
In the above, we consider An (cf. Eq. (6) and (7)) to be simple har-
monic functions of the form An ¼ an sinðnxtÞ, where x is the fre-
quency of vibration. Equating the maximum kinetic energy to the
maximum strain energy for the displacement ﬁeld (14) correspond-
ing to the nth circumferential mode yields the expression for the
frequency of Rayleigh mode ðxRÞ asx2R ¼
D
qhR4
n2ðn2  1Þ2
n2 þ 1 ¼
Eh2
12ð1 m2ÞqR4
n2ðn2  1Þ2
n2 þ 1 : ð15Þ
We now discuss the Love mode of inextensional vibration of the
cylindrical shell. The generator line in this case, unlike the Rayleigh
mode, does not remain parallel to the long axis of the shell, rather
it rotates as a rigid line in the plane made by the long axis and it-
self. The displacement components u; v , and w for the nth circum-
ferential mode are obtained by setting An ¼ 0 and Bn ¼ bn sinðnxtÞ
(Blevins, 1979; Love, 1927),
u ¼ R
n
bn sinðnxtÞ sinðnhÞ; v ¼ xbn sinðnxtÞ cosðnhÞ;
w ¼ nxbn sinðnxtÞ sinðnhÞ: ð16Þ
Upon equating the maximum kinetic energy to the maximum po-
tential energy corresponding to the displacement ﬁeld (16) the
resulting frequency of vibration for Love mode ðxLÞ is given by
x2L ¼
Eh2
12ð1 m2ÞqR4
n2ðn2  1Þ2
n2 þ 1
1þ 6ð1 mÞR2=ðn2L2Þ
1þ 3R2=½n2L2ð1þ n2Þ : ð17Þ
For tubes with aspect ratio (length to radius) larger than 8, the RBM
frequency ðxRBMÞ is given by Blevins (1979)
x2RBM ¼
E
ð1 m2ÞqR2 ;
using which Eqs. (15) and (17) can be rewritten, respectively, as
x2R ¼ x2RBM
h2
12R2
n2ðn2  1Þ2
ð1þ n2Þ
" #
and
x2L ¼ x2RBM
h2
12R2
n2ðn2  1Þ2
n2 þ 1
1þ 6ð1 mÞR2=ðn2L2Þ
1þ 3R2=½n2L2ð1þ n2Þ
" #
:3.2. Stress gradient approach
Eringen (1983) proposed the following constitutive law for the
nonlocal stress tensor T
T ¼
Z
V
a jx x0j; e0a
l
 
Ceðx0ÞdVðx0Þ; ð18Þ
where a is an appropriate kernel function and l is the external char-
acteristic length (e.g., radius of curvature of the ECS). The differen-
tial form corresponding to constitutive law (18), in two dimensions,
is
ð1 ðeoaÞ2r2ÞT ¼ Ce: ð19Þ
Further, expression (18) is the particular solution to Eq. (19) which
also implies that homogeneous solution to Eq. (19) is zero.
The relations between the nonlocal stresses and the strains, in
the expanded form, for the thin cylindrical shell are
1 e0að Þ2r2
 
Txx ¼ E1 m2 mzj2; ð20Þ
1 e0að Þ2r2
 
Thh ¼ E1 m2 zj2; ð21Þ
1 e0að Þ2r2
 
Txh ¼ Eð1þ mÞ zs; ð22Þ
where the Laplacian operator is
r2 ¼ 1
R2
@2
@h2
þ @
2
@x2
:
1 The same analysis holds for Love mode for large aspect ratio and large n.
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terms of x and h via Eqs. (5)–(9):
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@2Txh
@h2
þ @
2Txh
@x2
 !
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Rð1þ mÞ
X1
n¼2
ð1 n2ÞBn cosðnhÞ: ð25Þ
The solutions to Eqs. (23)–(25), respectively, are
Txx ¼ Emz
R2ð1 m2Þ
X1
n¼2
nðn2  1Þ
ð1þ vn2Þ ðAn þ BnxÞ sinðnhÞ; ð26Þ
Thh ¼ Ez
R2ð1 m2Þ
X1
n¼2
nðn2  1Þ
ð1þ vn2Þ ðAn þ BnxÞ sinðnhÞ; ð27Þ
Txh ¼ EzRð1þ mÞ
X1
n¼2
ð1 n2Þ
ð1þ vn2ÞBn cosðnhÞ; ð28Þ
where v ¼ ðe0a=RÞ2.
In the framework of nonlocal elasticity theory, the strain energy
density for the shell is
Wnl ¼ 1
2
Txxxx þ Thhhh þ Txhxhð Þ
using which we ﬁnd the total strain energy to be
Unl ¼ pDL
R3
X1
n¼2
ðn2  1Þ2
ð1þ vn2Þ n
2A2n þ
1
3
n2L2 þ 2ð1 mÞR2
 
B2n
 	
: ð29Þ
The kinetic energy remains unaffected since the nonlocality in the
constitutive law affects the stresses and hence, the strain energy
only. Therefore the kinetic energy for nonlocal theory T nl equals
T l given in Eq. (13).
As before, equating the maximum kinetic energy to the maxi-
mum strain energy, for nth circumferential mode we obtain the
corresponding frequency of inextensional mode of vibration of
the shell. For Rayleigh and Love modes, in terms of RBM frequency,
those are
x2R ¼
x2RBM
ð1þ vn2Þ
h2
12R2
n2ðn2  1Þ2
ð1þ n2Þ
" #
ð30Þ
and
x2L ¼
x2RBM
ð1þ vn2Þ
h2
12R2
n2ðn2  1Þ2
n2 þ 1
1þ 6ð1 mÞR2=ðn2L2Þ
1þ 3R2=½n2L2ð1þ n2Þ
" #
; ð31Þ
respectively. Note the presence of the factor 1=ð1þ vn2Þ in the
above expressions. When the nonlocal parameter e0 is zero, Eqs.
(30) and (31) reduce to the frequencies corresponding to classical
elasticity given by Eqs. (15) and (17). Further, for large aspect ratios
(> 8) RBM occurs for circumferential wave number n ¼ 0 and axial
half wave number m ¼ 0. Therefore, the expression for the fre-
quency of RBM remains unchanged irrespective of the theory used.3.3. Strain gradient approach
The relation between the nonlocal stress T and the strain , in
the strain gradient theory (Aifantis, 1999; Mindlin and Eshel,
1986; Askes et al., 2002), is
T ¼ C 1 ðe0aÞ2r2
h i
:
Using the above and the expressions for strains, given in Eqs. (8)
and (9), we obtain the non-zero stresses at the midsurface of the
shell as
Txx ¼ ð1 vn2Þ Emj21 m2 z; Thh ¼ ð1 vn
2Þ Ej2
1 m2 z;
Txh ¼ ð1 vn2Þ Es1þ m z: ð32Þ
The strain energy, in this case, becomes
Unl¼pDL
R3
X1
n¼2
ð1vn2Þðn21Þ2 n2A2nþ
1
3
n2L2þ2ð1mÞR2
 
B2n
 	
ð33Þ
and the frequency expressions for the nth circumferential mode for
the Rayleigh and Love modes, respectively, are
x2R ¼ x2RBMð1 vn2Þ
h2
12R2
n2ðn2  1Þ2
n2 þ 1
" #
ð34Þ
and
x2L ¼x2RBMð1vn2Þ
h2
12R2
n2ðn21Þ2
n2þ1
1þ6ð1mÞR2=ðn2L2Þ
1þ3R2=½n2L2ð1þn2Þ
" #
: ð35Þ
A factor ð1 vn2Þ appears in the above expressions for frequencies
in this case. Presence of such a multiplicative factor has also been
observed by various researchers for other modes of vibration or
wave propagation using shell model (Narendar and Gopalakrishnan,
2010; Wang, 2005; Jafari et al., 2012) and beam models (Wang and
Hu, 2005; Askes and Aifantis, 2009). Once again, for e0 ¼ 0 the
expressions (34) and (35) for frequency reduce to those of obtained
from classical elasticity theory.
4. Results and discussion
We compare frequencies obtained using nonlocal theories to
those obtained from classical continuum theory for Rayleighmodes
in Fig. 2. Note that, for large aspect ratio SWCNTs/shells the Rayleigh
and Love mode frequency characteristics are almost identical. Fre-
quency for all n from the stress gradient theory and strain gradient
theory with positive sign is lower than that obtained from classical
elasticity theory. However, for strain gradient theory with negative
sign frequency is larger than the classical theory.
For the stress gradient, classical, and strain gradient with nega-
tive sign, for a given v, frequencies are linear, quadratic, and cubic
power, respectively, in n for large n. In strain gradient theory with
positive sign frequency does not increase monotonically with n. In-
stead, there is a distinct maximum beyond which the frequency
decreases and eventually becomes imaginary. This is due to the
factor ð1 vn2Þ present in the expressions (34) and (35). Fre-
quency of Rayleigh mode, for the strain gradient theory with posi-
tive sign, varies as n2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 vn2p for large n, using which we can
show that the frequency of Rayleigh mode reaches maximum
when1
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3v
s
¼
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2
3
r
R
e0 a
ð36Þ
and the corresponding maximum frequency is approximately given
by
x2Rmax 
x2RBM
81
h2R2
ðe0aÞ4
¼ Eh
2
81ð1 m2Þqðe0aÞ4
: ð37Þ
Note that the above expression for maximum frequency does not
explicitly depend on the radius of the nanotube.
Substituting the parameter values for the (20,0) SWCNT the
strain gradient theory predicts nmax  10:9392. That is, the fre-
quency reaches maximum near n ¼ 10. Further, frequency does
not change appreciably for a range of n near the maximum as
shown on Fig. 2. A similar saturation-like behavior was obtained
by Gupta et al., 2009 for (20,0) SWCNT near n ¼ 10. Moreover,
there was no inextensional mode beyond n ¼ 10. It has also been
observed by Gupta et al. (2009) that for a ðq;0Þ SWCNT only up
to q=2 (for q even) or ðqþ 1Þ=2 (for q odd) circumferential modes
are present for inextensional vibrations. We have also conducted
molecular simulations for several zig-zag SWCNTs of different radii
using MM3 potential and following the procedure mentioned in
Ref. Gupta et al. (2009). Note that MM3 potential used in the pres-
ent study predicts the frequency of RBM of SWCNTs (Batra and
Gupta, 2008) as found from Raman spectroscopy (Rao et al.,
1997) and the basal plane stiffness of graphene (Gupta and Batra,
2010) found from indentation experiments (Lee et al., 2008) very
well. The results of MM simulations, presented in Fig. 3, show
the saturation behavior of Rayleigh mode frequency in all the
cases. Accordingly, we propose that the value of n for which fre-
quency attains maximum can be chosen to be the limit of applica-
bility of the strain gradient theory with positive sign. For a ðq;0Þ
SWCNT the equivalent radius is given by R ¼
ﬃﬃﬃ
3
p
aq=ð2pÞ. Thus
Eq. (36) becomes
nmax ¼ 1ﬃﬃﬃ
2
p q
e0p
:
Comparing this value of nmax near saturation with MM simulations,
for different tubes, gives
e0 ¼
ﬃﬃﬃ
2
p
p  0:45 ðfor q evenÞ and e0 ¼
ﬃﬃﬃ
2
p
p
q
qþ 1 ðfor q oddÞ:We note that the expression for e0 obtained above becomes the
same for any q when q is large and it does not depend on the con-
tinuum material parameters of the tube. Earlier, Eringen (1983)
estimated this value to be e0 ¼ 0:39 by matching dispersion rela-
tions for plane waves obtained using lattice dynamics and stress
gradient theory. Hu et al. (2008) estimated the value of e0 by match-
ing the analytically obtained dispersion curves for transverse and
torsional waves (using stress gradient theory) with that obtained
from molecular dynamics simulations. The estimated value of e0
for transverse and torsional waves were found to be 0.6 and 0.2,
respectively. Narendar et al. (2011) have used Morse potential
based molecular structural mechanics model of zig-zag and arm-
chair SWCNTs to calculate the strains due to axial and torsional
deformations. Subsequently, the strain ﬁeld was substituted in the
Eringen’s nonlocal theory and by solving the resulting eigenvalue
problem the expressions for nonlocal parameter in different direc-
tions were determined. For zig-zag and armchair SWCNTs the value
of e0 was found to be 0.3221 and 0.3458, respectively.
The molecular simulations also show (cf. Fig. 3), as predicted by
the strain gradient theory with positive sign, that the maximum
(saturation) frequency is almost independent of n. However, when
the equivalent continuum parameters are substituted into the
expression of the maximum Rayleigh mode frequency given by
(37), we obtain values that are approximately twice as much as
those predicted by MM simulations. A possible reason for this dis-
crepancy could be that the equivalent continuum parameters we
have used were obtained from classical continuum theory. A mul-
ti-parameter ﬁtting of the frequency behavior should be performed
using Eqs. (34) and (35) to obtain the estimate of the equivalent
continuum parameters for better agreement. Note that the strain
gradient theory with negative sign, although stable, does not exhi-
bit saturation-like behavior and can not be used to compare results
fromMM simulations. A similar observation has also been made by
Papargyri-Beskou et al. (2009).5. Conclusions
In the study, we derive the frequency expressions for inexten-
sional vibrations of the equivalent continuum structure of a
S.L. Das et al. / International Journal of Solids and Structures 50 (2013) 2792–2797 2797zig-zag single-walled carbon nanotube using two nonlocal elastic-
ity theories, namely, the stress gradient and the strain gradient
theories. We ﬁnd that the frequency expressions are the same as
that obtained from classical continuum theory but for a multiplica-
tive factor. In case of stress gradient approach, the factor is
ð1þ vn2Þ1=2, whereas for strain gradient approach it is
ð1 vn2Þ1=2, n being the circumferential mode number. We ob-
serve that the strain gradient theory with positive sign predicts a
saturation-like frequency behavior with n before reaching a maxi-
mum. The same behavior has also been predicted by MM simula-
tions using MM3 potential. The value of n for which frequency
attains maximum can then be chosen to be the limit of applicabil-
ity of the strain gradient theory (with positive sign) and the predic-
tion of this n agrees very well with the MM simulation results.
Using this fact and MM simulation data for frequency saturation
behavior for ðq;0Þ SWCNTs we have also obtained the value of
the nonlocal parameter e0 to be
ﬃﬃﬃ
2
p
=p (for q even) andﬃﬃﬃ
2
p
q=pðqþ 1Þ (for q odd), which does not depend on the equivalent
continuum parameters for the tube.References
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